We study the propagation of highly nonlinear solitary waves in a one-dimensional granular chain composed of homogeneous spherical particles that includes a heavy impurity. We experimentally investigate the transmission and backscattering behavior of solitary waves in the region of the impurity by using a laser Doppler vibrometer. To assess the sensitivity of solitary waves to various impurity masses, this non-contact measurement technique is complemented by a conventional contact measurement method based on an instrumented sensor particle. By leveraging these two schemes, we find that the travelling time and attenuation of backscattered solitary waves are highly sensitive to the location and mass of an inserted impurity. The experimental results are found to be in satisfactory agreement with the numerical results obtained from a discrete element model and the theoretical predictions based on nonlinear wave dynamics and classical contact theory. This study demonstrates that laser Doppler vibrometry can be an efficient tool to visualize highly nonlinear wave propagation in granular media. With a view towards potential applications, highly nonlinear solitary waves can be employed as nondestructive probing signals to identify heavy impurities embedded in ordered granular architectures.
Introduction
In the past few decades, nondestructive evaluation (NDE) techniques have been actively studied for the detection of damage in a variety of natural systems and engineering structures for aerospace, civil, and biomedical applications. In these studies, guided mechanical waves are often employed to propagate in host media and identify defects in them by interacting with hidden or barely visible damage [1, 2] . This approach has been tested and proved effective in continuum media, such as thin plates and slender coupons, which can efficiently transmit linear elastic waves over long distances without substantial damping. However, host structures to be inspected are sometimes inherently discrete in the form of porous, cellular, or layered structures. In this case, the propagation of guided elastic waves is often significantly hindered by the structural impedance resulting from discontinuity in compositional architectures.
Granular media are one of the representative discrete material systems that exhibit an extensive amount of attenuation during the propagation of linear elastic waves. This is due to the dissipative nature of granular systems, governed by frictional jamming and rotational mechanics [3] . Thus, conventional NDE techniques based on linear elastic waves are not effective in assessing defects or anomalies (e.g., inclusion of impurities) in granular media. When granular media are marginally jammed in ordered architectures, however, researchers found that they can efficiently support the propagation of robust, nonlinear waves through point contact between granules [4] [5] [6] . In particular, Nesterenko theoretically investigated that a one-dimensional (1D) granular chain can form and propagate a new type of highly nonlinear wave in a compactly supported form [4, 7] . This highly nonlinear wave is called a solitary wave, resulting from the balance between dispersive effects and nonlinear contact between particles characterized by Hertzian contact law (i.e., F ∝ δ 3/2 , where F and δ are the compressive force and displacement respectively). Compared to linear elastic waves, solitary waves exhibit unique physical properties, such as high robustness, compact-supportedness, and extremely slow and amplitude-dependent propagation speed [4, 8] . By leveraging these unique physical properties, previous studies have proposed the usage of solitary waves for acoustic imaging [9] and impact mitigating purposes [10] .
Recently, researchers have reported the efficacy of highly nonlinear solitary waves as novel sensing and actuation signals for NDE applications [11] [12] [13] . In these studies, solitary waves are injected into inspection media using a 1D granular sensor/actuator, and the reflected solitary waves are analyzed to identify their defects and mechanical conditions in aerospace [14] , biomedical [15, 16] , and civil structures [11, 13, 17] . Therein, the primary focus has been placed on the interaction of solitary waves with adjoined media, while relatively less attention has been paid to the monitoring of granular media themselves. Limited works have been reported on the detection of anomalies in granular media using solitary waves. Sen et al and Hascoet et al independently investigated the dynamics of particles under perturbations applied to a chain of spheres and reported the variations of granular displacement profiles in the light and heavy impurity cases [18, 19] . Hong and Xu found the localization of energy in the region of light impurities when solitary waves propagate in a 1D granular chain [20] . These works, however, have not thoroughly investigated the dynamic behavior of solitary waves in response to various configurations of impurities-particularly heavy impurities-and remained solely as numerical efforts without experimental verification.
In this manuscript, we systematically study the propagation and backscattering mechanism of solitary waves in a 1D granular chain in association with the mass and location of a heavy impurity. For accurate measurements of particle dynamics, we employ a laser Doppler vibrometer (LDV). LDVs have been previously used for non-contact, remote measurements of vibrations of structures over a spatially dense grid to provide high-resolution images of wave propagation. For example, Hutchins and Lundgren studied transient Lamb waves in thin aluminum and metallic glass plates [21] , and Martarelli et al used a LDV to characterize the damping loss factor in honeycomb panels [22] . Fluid flow measurements have also been reported using LDVs [23] . However, the use of LDVs for granular media remains unexplored due to the irregular reflection of laser beams from particle surfaces. In this study, we measure the full-field velocities of ordered granular particles in high spatial resolution and frequency to visualize the propagation and scattering of solitary waves near an impurity spot. The solitary wave profiles measured by this 'non-contact' LDV are complemented by the temporal force profiles recorded by a conventional 'contact' sensor particle embedded in the chain. By leveraging these two techniques, we find that the temporal patterns of solitary waves exhibit remarkable sensitivity to the position and mass of a heavy impurity. In particular, we report that the travel time and attenuation level of solitary waves are closely related to the embedment location and mass of a heavy impurity, respectively.
The experimental data are compared with numerical results obtained from a discrete element model, which simulates the propagation and reflection of solitary waves by approximating a granular chain into an assembly of lumped masses connected by nonlinear springs. Theoretical predictions of solitary wave dynamics are acquired from nonlinear wave dynamics and classical contact mechanics. We find satisfactory agreement between theoretical, numerical, and experimental results. This study demonstrates that the laser Doppler vibrometry can be an efficient tool to visualize highly nonlinear wave propagation in granular media. From the viewpoint of potential applications, our findings suggest that solitary waves can be used as a nondestructive probing tool to detect the locations and masses of impurities in ordered granular media.
The rest of the manuscript is composed as follows: in section 2, we describe the experimental setup for measuring solitary waves in a granular chain using a LDV and an instrumented sensor particle. The pros and cons of these two approaches are also explained in this section. Section 3 explains the theoretical background of solitary wave responses in relation to the characteristics of an impurity based on nonlinear dynamics and contact mechanics. We also describe the numerical approaches using a discrete element method. In section 4, we compare and discuss the results obtained from analytical, numerical, and experimental approaches. We conclude our manuscript with a summary and outlook on future works in section 5.
Experimental approach
In this study we conduct two sets of experiments: (a) full-field measurements of particle velocities via LDV and (b) measurements of solitary wave force profiles using an instrumented sensor particle. Figure 1 illustrates the schematic of the overall experimental setup. The inset (a) shows the digital image of the granular system tested. The granular crystal consists of a chain of 32 chrome steel beads (AISI 52100, McMaster-Carr) with radius R = 9.525 mm, density ρ = 7780 kg m −3 , elastic modulus E = 200 GPa, and Poisson's ratio v = 0.28. An impurity positioned in the middle of the chain is made of tungsten carbide (McMaster-Carr) with dimensions identical to that of the stainless steel spheres (radius R w = 9.525 mm), but with the density and elastic modulus higher than chrome steel (density ρ w = 15,800 kg m −3 , elastic modulus E w = 668 GPa, and Poisson's ratio v w = 0.24). The spherical particles are horizontally aligned and supported by four stainless steel rods covered with a thin PTFE tape to reduce friction. The positions of these rods are controlled by linear stages to restrict the lateral motions of granules with the minimal clearance between the beads and the guides. The LDV used in this study (PSV-400-M2, Polytec) employs two moving mirrors driven by galvanometric actuators, allowing the laser beam to be directed accurately at multiple points of the granular chain for data recording. The spatial resolution of scanning points is related to the standoff distance (distance between the laser head and test object, 1.3 m in this study) and the angular resolution of the scanning mirror. For the LDV used in this study, the angular resolution of the scanning mirror is less than 0.002 • , which allows a sufficient spatial resolution along the span of a granular chain. The displacement component in the direction of the laser beam is determined based on the Doppler phase-shift effect, while the velocity component can be measured based on the Doppler frequency-shift effect on light waves. In this study, we measure full-field velocities of granular particles by scanning 501 points along the chain, which corresponds to approximately 15 measurement points around the perimeter of each individual particle. Per measurement point, we repeat 30 tests and average the measured velocities to improve the signal-to-noise ratio of the recorded signals.
For the LDV test, we excite the granular chain by using a piezoelectric actuator (Piezomechanik) powered by an external function generator and electrical amplifier [24] . The piezoelectric actuator directly applies mechanical impact to the front end of the granular chain to generate a single pulse of solitary waves in a controllable manner. To reconstruct the data obtained from multiple points, the LDV is synchronized with the function generator and the external actuator at a frequency of 20 Hz. It should be noted that the LDV collects the velocity components only in the direction of the laser (υ in figure 1 ). Thus, we convert the measured velocities to their axial component by the trigonometry rule (i.e., υ x = υ/ sin θ as shown in figure 1 ).
In order to enhance the defused reflection, white reflective particle coating (SpotcheckSKD-2) is sprayed on the surface of the granules after the chain is constructed. This is to minimize the amount of spray powder applied to the granular contact interface, which might affect the solitary wave propagation mechanism. Provided that the particles are well-aligned without any noticeable particle rotations under the piezoelectric excitations, we verify that the contact interfaces remain clean during testing, and the coating sprayed on the other part of the spheres does not affect the propagation of solitary waves. In this respect we can ensure that the coating has been cleaned of the particles and respray them every time we reconstruct the chain.
While the LDV measures full-field velocities of particles in an accurate manner, it does not provide contact force profiles in a granular chain directly. Though it is possible to reconstruct force profiles based on velocity/displacement profiles obtained from the LDV, they are susceptible to errors caused by LDV signal noise. Therefore, an instrumented sensor particle is employed to record temporal force profiles of solitary waves directly. Since this is a contact-based method, the disadvantage is that a solitary wave can be disturbed by the presence of the sensor when it passes by the sensor spot. By making the sensor particle's mass and stiffness identical to those of the regular granules, such errors can be minimized [25] .
The experimental setup for an instrumented sensor particle is similar to that described above for the LDV test. For Figure 2 . Schematic of a discrete element model. Spherical particles are represented by point masses, and their interactions are approximated by nonlinear springs between them. Given the disturbances by a striker impact with velocity υ imp , a compact-supported solitary wave is formed with an approximate width of five-particle diameters. The solitary wave propagates with group (or phase) velocity V i and maximum force magnitude F i . When the solitary wave reaches an impurity with a mass M, the nearest particle collides with the impurity at the particle velocity υ i and bounces back at the repulsive velocity υ r . Inset shows an exemplary temporal profile of incident and reflected solitary waves measured from the sensor particle.
this experiment, however, we introduce a variety of impurities made of chrome steel with different particle radii (R i = g. The impurity is positioned in the middle of the granular chain (i.e., the 17th particle site from the front end of the chain) with its center of mass aligned with the other particles. To host the large-sized impurity in the granular chain, the cylindrical guides are split into two sections, and a specially designed holder is positioned in the gap to grab the impurity.
In this study, an instrumented bead is positioned in the 7th particle spot from the front end of the chain to record both incident and reflected waves. This is an appropriate sensor location, since it allows enough distance from the impact position to fully develop solitary waves. It is also remote from the impurity to avoid the superposition of incident and reflected solitary waves. The instrumented bead contains a piezoelectric element to convert compressive waves into voltage signals (see inset (b) of figure 1). We record the voltage signals using an external oscilloscope and convert them back to force profiles using a calibration factor. The details of the sensor assembly and calibration process are described in [25] . Unlike the previous LDV tests, we herein generate solitary waves using a striker (identical to the other particles in the chain), which is launched along a ramp with an electrical solenoid switch [12] . The impact velocity is measured to be υ s = 1.43 m s −1 using the optical diodes installed along the ramp. The reason that we use a striker impact to generate solitary waves is that we can obtain clearer solitary waves with an order-of-magnitude higher force amplitude compared to those excited by a piezoelectric actuator [26] . Since we do not need a precise synchronization of the excitations, the striker impact is accurate enough to trigger consistent solitary waves with only a 0.45% standard deviation in the striker's velocity distribution [12] .
Numerical and theoretical approaches

Solitary wave formation and propagation
The formation and propagation of solitary waves can be successfully analyzed and modeled using a discrete element model (DEM) [4, 27] . In this approach, a granular chain is approximated as an assembly of discrete point-masses connected by nonlinear springs (figure 2). This is based on the assumption that the transit times of the solitary waves in the granular media are much longer than the oscillation period of elastic waves within the particles. The mechanical stiffness of nonlinear springs is calculated based on the quasi-static contact relationship between particles. For a granular chain composed of spheres, we use the Hertzian contact law to define the compressive force F n,n+1 given the approach δ n,n+1 between nth and (n + 1)th particles:
Here u n is the displacement of the nth particle from its uncompressed, but touching position in the granular chain. The bracket [x] + takes only positive values (i.e., [x] + ≡ max{x, 0}), implying that the granular interactions involve only compressive forces. According to the Hertzian contact law, the contact coefficient is given by
, where E, R, and v are the Young's modulus, radius, and Poisson's ratio of the spheres, respectively.
Using equation (1), we can build the equation of motion of a 1D granular chain based on the Lagrangian description of the particle dynamics:
Here we do not include a dissipative term, while previous studies have reported various dissipation models to account for the damping in granular chains [28, 29] . This is because in this study we focus on investigating the attenuation of solitary waves solely caused by the existence of an impurity, not by the damping effects in the granular chain (e.g., viscoelasticity in particles, friction among particles and against rails). We will discuss this further in section 4. In the numerical DEM approach, we solve equation (2) directly to obtain the displacement profiles of all the granular particles in the system. For this, we use the 4th-order Runge-Kutta method in Matlab to integrate the differential equation over the span of simulation time (total time t = 3 ms, time step t < 1 µm).
For theoretical considerations, we develop equation (2) following Nesterenko's analytical approach [4, 7] . Under the long-wave approximation, the discrete displacement u n±1 (t) can be expressed as a continuous function by the Taylor expansion of u(x ± 2R, t). After plugging these expanded expressions (up to the fourth order) into equation (2) and executing appropriate rearrangements, we obtain the following partial differential equation [4, 30] :
In the strongly nonlinear regime excited by a shock perturbation such as striker impact, Nesterenko has solved equation (3) and derived an analytical solution in the form of travelling waves. The closed-form solution as a function of the strain ψ = −∂ x u is [4, 8] :
where the function is defined in the domain of − figure 2 ). As expressed in equation (4) , solitary waves exhibit a compact-supported waveform with a width of approximately five-particle diameters (π × R √ 10 ≈ 10R). Additionally, the magnitude of the solitary wave is dependent on its phase speed V, which is one of the general characteristics of nonlinear waves [31, 32] .
According to Nesterenko's studies, the analytic expression of a solitary wave's speed V can be expressed as a function of the maximum particle velocity υ m [4, 7] :
Here m is the mass of the particle and A is the Hertzian coefficient introduced in equation (1) . Under the excitation of a single solitary wave via the same-mass striker, Chatterjee numerically found υ m ≈ 0.682 υ s , where υ s is the striker velocity [33] . Note that the particle velocity in the chain is smaller than the striker velocity due to the distribution of energy into approximately five particles within the envelope of a single solitary wave. By using equation (5) and Chatterjee's expression, we can analytically derive the propagation speed of solitary waves based on the particles' geometry and material properties, and the striker's impact velocity.
Solitary wave interaction with an impurity
Now we analyze the propagation of solitary waves in a granular chain that includes an impurity (mass M), which is heavier than the spheres composing the chain (mass m). For this, we consider the collision mechanism of granular particles in the region of the impurity. Yang et al have studied the reflection of solitary waves against a linear medium positioned at the end of the granular chain (e.g., thin plates, half-spaced wall) and showed that such an interaction between nonlinear and linear media can be represented by the impact event of a single particle against the bounding media [12] . This is because, given the incidence of solitary waves at the interface, a significant portion of the total energy carried by solitary waves is converted to potential energy between the last particle in the chain and the bounding medium due to the discrete nature of nonlinear waves. Likewise, the backscattering phenomenon of solitary waves at the impurity site can be approximated by the collision process between the impurity and its neighboring particle positioned in front of the impurity. Based on the momentum and energy conservation between these two bodies, the ratio of the reflected (υ r ) to the incident (υ i ) velocities of the colliding particle can be obtained by:
Note that the direction of the rebounding velocity is opposite to that of the incident velocity, thereby triggering the formation of reflected solitary waves (see the inset of figure 2 ). It is also worth mentioning that during the collision process, the heavy impurity gains momentum in the forward direction, which results in the partial transmission of solitary waves. In this case, the impurity develops multiple collisions with the next neighboring bead due to the high inertia of the impurity. This causes the fragmentation of a single solitary wave into a train of solitary waves with an exponentially decaying shape [34] . The velocities of solitary waves are closely related to the particle velocities as expressed in equation (5) . Based on this, the ratio of the reflected solitary wave's velocity (V r ) to the incident velocity (V i ) can be given in terms of particle velocities:
Viewed from a sensor particle positioned in the n s -th site, the transit time between the incident and reflected solitary waves can be estimated by accounting for the propagation speed of both incident and reflected solitary waves. We refer to this solitary wave travel time as the time-of-flight (TOF) in this study (see the inset of figure 2 ). Given the location of impurity (n imp -th site), the TOF can be expressed as: Here we neglect the size difference between the impurity and the regular spheres in the chain. We also restrict our study to particles made of hard materials such that the contact time between the impurity and the neighboring sphere can be assumed to be much shorter than the solitary wave travelling time. In the case of soft particles, the contact time should be taken into consideration, and the detailed analytical expression for this is presented in [12] . After we plug equations (5) and (7) into equation (8), we obtain the following equation:
It is evident that the TOF is a function of the impurity's mass (M) and its relative location from the sensor (n imp − n s ). This implies that the solitary waves' travel time can be used to deduce the mass and location of the impurity. Besides temporal measurements of solitary waves' travelling time, we also measure the magnitude of the reflected solitary waves as an additional parameter to provide further information about the embedded impurity. In the continuum approximation, the displacement of spherical particles caused by the progressive strain fields can be expressed as δ = 2Rψ [4] . Plugging this relationship into equation (1), the magnitude of the propagating compression force F i is given by F i = A (2Rψ) 3/2 . Based on the dependence of strains on the solitary wave speed (see equation (4)), this equation leads to the expression: F i ∝ V 6 i , demonstrating the amplitude dependence of solitary waves' velocity. In conjunction with equations (6) and (7), the force amplitude ratio of the reflected to the incident solitary waves can be expressed as:
Under the assumption of negligible dissipation in granular chains, the attenuation of reflected solitary waves is solely attributed to the impurity's mass relative to the regular sphere's mass. Thus, we can obtain a hint as to the impurity's mass by measuring the degree of attenuation of reflected solitary waves.
Results and discussion
Velocity measurements via laser Doppler vibrometry
The experimental results of solitary wave propagation and backscattering are provided in figure 3 based on the full-field measurements of particle velocities obtained from the LDV.
Herein the recorded velocities have been normalized with respect to the maximum particle velocity in the chain. Figure 3(a) shows the temporal velocity profile measured from the 12th particle (n = 12) in the chain. The first peak in a dashed red box indicates the incident solitary wave. During the passage of the solitary wave packet by the particle, the velocity in the positive x-direction increases until the maximum compression of the particle is achieved against its next neighboring particle, and then decreases to zero velocity to release the compressive stresses. Around t = 0.9 ms, we observe a negative spike (boxed in a dashed blue line), implying the propagation of a wave packet in the negative x-direction. This negative pulse is generated by the reflection of the solitary wave against the impurity embedded in the middle of the chain (i.e., n imp = 17). Later, we find an additional negative peak around t = 2.2 ms (marked in a dashed green box), which is formed by the solitary wave reflected from the wall at the end of the chain. The backscattering phenomenon of solitary waves is more evident from the full-field measurements of particle velocities in figure 3(b) . In this figure, 33 sets of particle velocities are depicted along the ordinate axis. In each set, the velocity profiles from the 15 measurement spots around the perimeter of a particle are stacked vertically. The color intensity represents the magnitude of the normalized velocity components, and the horizontal slit in a dashed red line corresponds to the temporal signal presented in figure 3(a) . In this full-field velocity diagram, the first slanted zone highlighted in red represents the incident solitary wave. Around the 17th particle site (n = 17), we observe that this red zone partially branches to a blue line boxed in a dashed black envelope. This corresponds to the solitary wave backscattered from the impurity that is located in the 17th particle site. The solitary wave reflected from the fixed wall can also be clearly witnessed in figure 3(b) . The dark horizontal lines around the particle interfaces are due to noise in the measurement data. In particular, the noise in the center of the chain is generated during conversion of the measured velocities to their axial components using the trigonometry rule. We also observe fluctuations of velocity profiles in the lower regime of the surface map (i.e., smaller particle numbers). This is because the piezoelectric actuator develops multiple contacts with the granular chain during the excitation, which is incontrast to the striker impact that creates. This also explains the oscillatory shape of temporal signals in figure 3(a) .
We observe some interesting characteristics of solitary waves from the LDV measurements. First, we find that the velocity of the incident solitary wave is approximately 473 m s −1 by measuring the slope of the highlighted line in figure 3(b) . This phase velocity of solitary waves is an order of magnitude smaller than the speed of the dilatational waves within each particle. As discussed in section 3, this confirms the long characteristic time of highly nonlinear solitary waves compared to the oscillatory period of a particle, characterizing the quasi-static nature of solitary wave formation [4] . Secondly, we find that the temporal profiles are almost identical, without any significant variations among the 15 sets of velocity profiles measured along the perimeter of a single particle. This explains how solitary waves are transmitted by the translational motions of particles with the particle deformation concentrated at the contact area. This rationalizes the use of a discrete element model that assumes the rigid body motion of point masses linked by nonlinear springs.
The numerical results based on the DEM method are provided in figures 3(c) and (d). Figure 3(c) shows a temporal signal viewed from the 12th particle (n = 12), where we can observe multiple solitary waves that are incident (in a red box), backscattered from the impurity (blue), and reflected from the wall (green). The surface map including the temporal velocity profiles of all particles is shown in figure 3(d) . Here, the dashed red box corresponds to the temporal signal presented in figure 3(c) , and the dashed black frame denotes the propagation of backscattered solitary waves originating from the impurity location. When the backscattered solitary wave reaches the front end of the chain, we find that the first few particles are separated from the chain, as denoted by their negative velocity components. We can also observe the fragmentation of transmitted nonlinear waves into a train of solitary waves, which were not clearly observed in the experimental results due to the noise (indicated by a dotted green box in figure 3(d) ). Despite such discrepancies, the overall trend of solitary wave reflection and transmission at the impurity site is consistent between the experimental and numerical results.
Force measurements using an instrumented particle sensor
Now we measure the force profiles of solitary waves backscattered by various sizes of impurities using an instrumented sensor particle. Figure 4 shows the experimental (solid blue curves) and numerical (dotted red curves) results of temporal force profiles viewed from the 8th particle site. The signals measured from different impurity sizes are shifted vertically by 300 N to ease visualization. The impulses observed around t = 0.2 ms represent incident solitary waves excited upon the striker impact, while the subsequent packets denote the solitary waves backscattered by impurities. As mentioned in section 2, the shapes of solitary waves in figure 4 are clearer than those in figure 3 due to the strong excitation of the granular chain using a striker impact instead of the piezoelectric actuator. Also, the signals based on contact measurements are susceptible to less noise than the LDV results as presented in figures 3(a) and (b). In figure 4 , we find two noticeable changes in backscattered solitary waves as the impurity size increases: first, the TOF of reflected solitary waves decreases. Second, the magnitude of reflected waves increases when the chain includes a heavier impurity. Considering the dependence of the solitary waves' propagating speed on their magnitudes, the shorter travelling time for the larger magnitude reflected waves is plausible (see equation (10)). The numerical simulations corroborate the experimental results.
We extract two parameters from the temporal signals: the TOF and the amplitude ratio of reflected waves to the incident solitary waves (see the top signal in figure 4) . The results are shown in figures 5(a) and (b) respectively as a function of the impurity radius. The error bars with square marks represent the standard deviations from ten experimental measurements. The curves with red circular and green star marks denote numerical and analytical results. We find the TOF decreases as the impurity size increases. This trend results from the stronger repulsion of the colliding particles against the heavier impurity, which in turn leads to a faster speed of backscattered solitary waves (see equations (6) and (7)). Compared to the TOF measured from the lightest particle (m = 35.9 g), the TOF from the heaviest particle (m = 131 g) decreases by 21.3% from 0.708 ms to 0.557 ms according to the experiments. The theoretical results based on the contact mechanics and the lumped mass collision model (equation (9)) are in satisfactory agreement with the experimental and numerical results.
In figure 5(b) , the amplitude reflection ratios show a rising trend as the particle size increases. This again is attributed to the stronger repulsion of solitary waves against the heavier impurities. When the chain includes the lightest impurity (m = 35.9 g, which is 7.7 g heavier than the beads composing the chain), we still witness a noticeable magnitude of reflected solitary waves experimentally (∼5% in terms of amplitude reflection ratio). This implies that the solitary waves can detect even a small increase of an impurity's mass by means of measuring the backscattering of solitary waves. The theoretical results based on equation (10), shown as a green curve with star marks, follow the trend of experimental and numerical results qualitatively. The noticeable discrepancies between analytical and numerical (or experimental) results may be due to the simplification of the granular chain's interactions to a two-body collision problem in the analytical approach. Compared to the numerical results, the experimentally measured solitary waves are smaller in magnitude and slower in propagation speed, though most numerical data points are within the range of experimental error bars. This is attributed to the dissipative effects in the chain, which have not been accounted for in the DEM approach. However, we find that such dissipative effects on signal attenuation are much smaller than the amplitude change of solitary waves caused by the presence of an impure particle. For example, the discrepancies between numerical and experimental results-caused by damping-are less than ∼5% in terms of amplitude reflection ratios, while the change of solitary wave amplitude between the lightest and the heaviest impurities is an order of magnitude larger, as shown in figure 5(b) . In fact, we tested a 65-particle chain using an identical setup as described in section 2 and found that the attenuation of solitary waves along the chain is less than 10% in terms of the signal amplitude reduction. This confirms the validity of our numerical model without a dissipative term as described in section 3.
Identification of impurity mass and location
We verified that solitary waves can be used to discern the mass of a single impurity embedded in a 1D granular chain. When we probe a granular chain for NDE applications, information about the location of the impurity can also be important. In this section, we investigate the temporal force profiles of reflected solitary waves given various combinations of Figure 6 . Numerical (solid blue mesh) and theoretical (dotted red mesh) results of (a) TOFs and (b) amplitude reflection ratios as a function of impurity location and radius. Impurity locations are measured from the sensor particle positioned at n s = 8.
impurity masses and locations. We fix our sensor location to the 8th particle spot, and we vary the location of the impurity in every other spot from the 12th to the 26th particle positions. This corresponds to distances ranging from 7.62 to 34.3 mm between the sensor and the impurity. The responses of the backscattered signals are represented by the TOFs and amplitude reflection ratios. Figure 6 shows the numerical (solid blue curves) and theoretical (dashed red curves) results of these extracted features as a function of impurity radius and location. In figure 6 (a), we find that the TOF values are strongly dependent on the impurity location. As the distance to the impurity increases, the travel time of solitary waves between the sensor and impurity increases approximately linearly. The TOF values also exhibit responsiveness to the impurity masses, showing the shorter TOF values for the larger impurities. However, the sensitivity to the impurity mass is not as high as that to the impurity distance. On the other hand, the amplitude reflection ratios reveal a strong dependence on the impurity mass rather than the distance ( figure 6(b) ). As the impurity mass increases, the magnitude of reflected solitary waves increases gradually. Under the assumption of no energy dissipation in granular chains, the magnitude of the solitary waves shows no noticeable change in association with the impurity location. This is in sharp contrast to the behavior of TOF values. The reason that we observe a reduced sensitivity of TOF to the mass of an impurity is that the solitary wave speed is a weak function of its force magnitude. As expressed in equation (10) , solitary wave speed is proportional to F 1/6 , where F is the maximum magnitude of the propagating solitary wave. Thus, the change of TOF values under impurity mass modifications is not as prominent as the TOF variations for different locations.
The distinctive responses of the TOFs and the amplitude ratios can be useful in deducing both location and mass information of impurities from the temporal profiles of backscattered solitary waves. For example, we can backcalculate the impurity location based on the measured TOF baseline data, as shown in figure 6(a) . By assessing the magnitude of reflected solitary waves relative to the incident waves, we can deduce the mass of impurities using the results in figure 6(b) . The theoretical results (solid blue mesh) agree well with the simulation results (dashed red mesh). Thereby we can also obtain mass and location information of impurities by relying on analytical approaches without the necessity of the baseline numerical or experimental data.
Conclusions
In this manuscript, we investigated the responses of backscattered solitary waves to the presence of impurities of various mass in various locations. We experimentally observed that incident solitary waves are scattered into transmitted and reflected solitary waves at the impurity site using a laser Doppler vibrometry (LDV). The LDV measures the full-field particle velocity and visualizes the behavior of solitary waves in the region of the impurity. To the best of the authors' knowledge, the full-field descriptions of solitary wave propagation and backscattering in granular media have not been reported previously. While the non-contact LDV technique allows the visualization of solitary waves in a granular chain, the velocity measurement results are susceptible to noise, thereby limiting its usefulness for the reconstruction of force profiles. Therefore, we complemented the LDV technique with a conventional contact measurement scheme using an instrumented sensor particle. Though the sensor particle positioned in the granular chain can disturb the propagation of solitary waves, it can successfully measure force profiles of solitary waves in an efficient manner. By leveraging these two methods, we found that the travel time and attenuation level of backscattered solitary waves are highly sensitive to the location and mass of the impurity. We performed numerical simulations of solitary wave formation, propagation, and backscattering via a discrete element model. We also derived analytical expressions for the time-of-flight and the magnitude of reflected solitary waves as a function of impurity mass and location. As a result, we found that numerical and analytical results are in satisfactory agreement with the experimental results.
The findings in this study showed the potential of solitary waves as a new type of nonlinear diagnostic waves to probe impurities nondestructively in ordered granular media. This is limited to relatively simple, ordered granular systems, since disordered granular architectures are not capable of supporting solitary waves due to their complex contact configurations and excessive amount of dissipation. By using a well-defined 1D granular system, we experimentally and numerically verified that the propagation of solitary waves is sensitive to even a small increase in the impurity's mass. This work has been focused on the inclusion of a single impurity heavier than the spherical particles consisting of a granular chain. Further studies can be performed to investigate solitary wave interactions with more complicated configurations of impurities and granular media, such as multiple impurities in various sizes. For the application of the findings to two-and three-dimensional granular media, it is necessary to enhance our understanding of solitary wave propagation in more complicated granular architectures and to investigate their behavior in terms of localization, scattering, and redirection in association with impurity locations and characteristics.
